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welfare-based choice model is equivalent to the representative agent choice model and the semi-parametric 
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more general than the random utility model, while when there are only two alternatives, those four models 
are equivalent. In particular, we show that the distinction between the welfare-based choice model and the 
random utility model lies in the requirement of the higher-order derivatives of the welfare function. We then 
define a new concept in choice models: substitutability/complementarity between alternatives. We show that 
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be desirable in capturing certain practical choice patterns and expanding the scope of discrete choice models. 
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1. Introduction 

In this paper, we study the discrete choice models. Discrete choice models are used to model choices 
made by people among a finite set of alternatives. For example, they are used to examine which 
product to purchase for a consumer, which mode of transportation to take for a passenger, among 
many other choice scenarios people face everyday. In the past few decades, discrete choice models 
have attracted great interest in the economics, marketing, operations research and management sci¬ 
ence communities. Specifically, such models have been viewed as the behavioral foundation in many 
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operational decision-making problems, such as transportation planning, assortment optimization, 
multiproduct pricing, etc. 


In the pas t 


Anderson et al. 


ew de cad es, researchers have proposed a variety of discrete choice models (see 


1992 


and 


Ben-Akiva and Lerman 


19851 ). Among them, the most popular one is 


the random utility model, in which a utility is assigned to each alternative. In the random utility 
model, the utility is composed of a deterministic part and a random part. Each individual then 
chooses the alternative with the highest utility, given the realization of the random part. Different 
choice models arise when different distri butions for the random part are used. Some examples 


of random utility model can be found in 


McFadden (1974 


198Q) and iDaganzol ( 19801) . Another 


popular choice model is the representative agent model, in which a representative agent makes 
the choice on behalf of the population. In the representative agent model, there is again a utility 
associated with each alternative, and the representative agent maximizes a weighted utility of the 
choice (which is a vector of proportions for each a lter n ative) plus a regularization term, which 


typically encourages diversification of the choice ([An ders on et ah 


of semi-parametric models has been proposed (see 


19881). More recently, a class 


Na tar aian et al 


2009^ . This model is similar 


to the random utility model. However, instead of specifying a single distribution for the random 
utility, a set of distributions is considered. Then they choose one extreme distribution in that set to 
determine the choice probabilities. There are other choice models based on the dynamics of choice 
decisions or other non-parametric ideas. We will provide a more detailed review of these models in 
Section [2j 

Although these models have all provided excellent explanations, both theoretically and empir¬ 
ically, for how people make choices in practice, some gaps in the literature still exist regarding 
the relations between those popular choice models. In particular, the following questions are not 
answered in the prior literature: 

1. What is the relation between the representative agent model and the semi-parametric model? 
It has been shown that for many special cases, the semi-parametric model can be represented 
as a representative agent model. However, it is unknown whether this is generally true. 

2. It is known that both the representative agent model and the semi-parametric model are more 
general than the random utility model. What exactly is the distinction between these models? 

3. What choice pattern is restricted in the random utility model? Can we easily construct choice 
models that relax those restrictions? 

In this paper, we present precise answers to the above questions. To answer those questions, we 
propose a new class of choice models, which we call the welfare-based choice model. The welfare- 
based choice model is based on the observation that many existing choice models take the form of 
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mapping a utility vector to a probability vector and admit a welfare function of the utilities whose 
gradient gives the choice probability vector. Therefore, by directly proposing desirable conditions 
on the welfare functions, we define the class of welfare-based choice models. We show that the 
welfare-based choice model is not only meaningful on its own, but also provides great analysis 
convenience for establishing connections between existing choice models. 

First, we show that by using the welfare-based choice model as an intermediate model, the classes 
of choice models defined by: 1) the welfare-based choice model, 2) the representative agent model 
and 3) the semi-parametric model, are the same. More precisely, under mild regularity assumptions, 
given any of the following three: a choice welfare function (which defines a welfare-based choice 
model), a regularization function (which defines a representative agent model) or a distribution 
set (which defines a semi-parametric model), one can construct the other two to define exactly 
the same choice model. This means that the class of representative agent models and the class of 
semi-parametric models are equivalent to each other, which is somewhat surprising because they 
seem to have very different origins. In addition, our proof of the equivalence of these three models 
is constructive, therefore, it gives methods to convert one model to another in an explicit way, 
potentially alleviating the need to construct correspondences in a case by case manner as is done 
in the current research. 

Second, we study the relation between the above three models and the random utility model. 
We show that when there are only two alternatives, the random utility model is equivalent to the 
above three models. We also demonstrate that this is not true in general if there are more than two 
alternatives, in which case the above three models strictly subsume the random utility model. In 
particular, we point out the exact distinction between these three models and the random utility 
model, which lies in the higher-order derivatives of the choice function. Our result gives precise 
relations among those models. 

Finally, by examining the difference between the welfare-based choice model and the random 
utility model, we identify an important property that is restricted in the random utility model 
but is flexible in the other three models. We call the property substitutability and complementar¬ 
ity of alternatives. Specifically, this property examines whether the choice probability of another 
alternative will increase or decrease when the utility of one alternative increases. We show that 
random utility models only allow substitutability between alternatives. Although this is natural 
in many practical situations, we argue that in certain applications, it might be appealing to allow 
some alternatives to exhibit complementarity in certain range, especially when the utility is based 
on scores and certain alternatives share the same feature (e.g., brand or certain component) on 
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which the score is based. We derive conditions under which different choice models exhibit substi¬ 
tutable/complementary properties. As far as we know, we are the first to study such properties in 
choice models, and we believe that this study will open new possibilities in the design of choice 
models by enlarging its horizon and capturing more practical choice patterns. In fact, we show a 
few examples of new choice models that allow complementarity among choices (in a certain range) 
and explain the practicality of those models. 

It is worth mentioning that the analysis technique used in this paper is novel and interesting. 
In particular, we adopt several convex analysis tools that are not commonly used in the study 
of choice models. Such tools enable us to uncover deep connections between seemingly unrelated 
models and are key to our findings. We believe that such analysis methods may be of independent 
interest in the future study of choice models. 

The remainder of this paper is organized as follows: In Section [21 we review discrete choice 
models that are relevant to our study. In Section [3l we propose the welfare-based choice model 
and study its relation with other choice models. In Section 01 we study the relation between the 
welfare-based choice model and the random utility model. In Section 0 we propose the concept 
of substitutability and complementarity between choice alternatives and derive conditions under 
which each model exhibits such properties. We discuss the issue of constructing new choice models 
from existing ones in Section [6) We conclude the paper in Section [71 

Notations. Throughout the paper, the following notations will be used. We use notation 1Z 
to denote the set of real numbers, and TZ = 77 U {—oo, +oo} to denote the set of extended real 
numbers. We use e to denote a vector of all ones, e, to denote a vector of zeros except 1 at the 
ith entry, and 0 to denote a vector of all zeros (the dimension of these vectors will be clear from 
the context). Also, we write x > y to denote a componentwise relationship and A„_i to denote the 
n — 1-dimensional simplex, i.e., A„_! = {x\e T x = 1, x > 0}. In our discussions, ordinary lowercase 
letters x, y, .. . denote scalars, boldfaced lowercase letters x, y, ... denote vectors. 


2. Review of Existing Discrete Choice Models 

In this section, we review several prevailing classes of discrete choice models that are related to the 
discussion in this paper. 


2.1. Random Utility Model 


Perhaps the most 


proposed first 


Anderson et al. 




pop u lar c 


ass of discrete choice model is the random utility model (RUM), 


Thurstone! (Il927t) and later studied in a vast literature in economics (see 


19921 for a comprehensive review). In such a model, a random utility is assigned to 
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each of the alternatives, and an individual will pick the alternative with the highest realized utility. 
Here, the randomness could be due to the lack of information of the alternatives for a particular 
individual or to the idiosyncrasies of preferences among a population. As the output, the random 
utility model predicts a vector of choice probabilities among the alternatives, rather than a single 
deterministic choice. Mathematically, suppose there are n alternatives denoted by N = {1,2,..., n}, 
then the random utility model assumes that the utility of alternative i takes the following form: 


Ui — l^i + j Vi £ AT, 


[ 1 ) 


where fi = (fii ,..., /i n ) is the deterministic part of the utility and e = (e 1; ...,e n ) is the random part. 
In the random utility model, it is assumed that the joint distribution 6 of e = (ei,..., e ra ) is known. 
Then the probability that alternative i will be chosen is (to ensure the following equation is well- 
defined, we assume 6 is absolutely continuous, an assumption we make for all the random utility 
models we discuss later): 


q,.(n) = Pe ~0 ( i = argmax (fi k + e k ) 
fceJV 


( 2 ) 


Random utility models can be further classified by the distribution function of the random 
component s. The most widely used one is the multinomial logit (MNL) model, first proposed by 
McFadden (]1974|). The MNL model is derived by assuming that (ei,...,e„) follow independent and 


identically distributed Gumbel distributions with scale parameter rj. Given that assumption, the 
choice probability in Q can be further written as follows: 

exp (Hi/v) 


C n V) = 


E exp(/rfe/77)' 

fceAf 


It can also be computed that the expected utility an individual can get under the MNL model is: 


u; mnl (/x)= E e „* 


max Lin + e, : 
i£Af 


77 log £ exp iiii/rj) . 


ie AT 


The existence of clos ed-form formulae for the MNL model makes it a very p opu lar cho i ce mo del. 


We refer the readers to 


Ben-Akiva and l.ernian ()19851) 


Anderson et al 


(Il992tl and!Train (I 2 OO 9 I 1 for 


more discussions on the properties of the MNL model. In addition to the MNL model, there are 
other choices of the random part in (JXj) that lead to alternative choice models. Some popular ones 
amo ng t hem are the probit model (in which e is chosen to be a joint normal distribution, see, e.g., 
Daeanzol 1 980 ). the nes ted log it m odel in which e is chosen to be correlated general extreme value 


distributions, see, e.g., 


McFadden 


19801 1. the mixed l ogit model (whe re e is chosen to be Gumbel 


distributions with a correlated term, see, e.g., 


McFadden and Train 


2000 l. and 


Train 


2009) and 


the exponomial choice model 


Al ptek inoglu and Tem ple 


in which e is chosen to be negative exponential distributions, see 


2013). 
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2.2. Representative Agent Model 

Another popular way to model choice is to use a representative agent model (RAM). In such a 
model, a representative agent makes a choice among n alternatives on behalf of the entire popula¬ 
tion. In particular, this agent may choose any fractional amount of each alternative, or equivalently, 
his choice is a vector x = (aq, ...,x n ) on A„_!. To make his choice, the agent takes into account the 
expected utility while preferring some degree of diversification. More precisely, the representative 
agent solves an optimization problem as follows: 

maximizecceA™.! pL T x-V{x). (3) 

Here p = (/ii, ...,//„) is the deterministic utility of each alternative, which is similar to that in the 
random utility model. V(x) : lZ n H > TZ is a regularization term that rewards diversification. Later, 
we denote the optimal value of © by w r (n), which is the utility a representative agent can obtain 
if the deterministic utility vector is p. Moreover, if for any p, there is a unique solution to ©, 
then we define 


q r (p) = argmax{p T * — V{x)\x £ A„_!} 


( 4 ) 


to be the choice probability vector given by the representative agent model. (To ensure the maxi¬ 
mum is attainable, V(x) is required to be lower semi-continuous. We make this assumption for all 
the representative agent models in our discussions.) 

A recognized close co nnection exists between the random utility model and the representative 


agent model. In 


Anderson et al. 


(119881) , the authors show that the choice probabilities from an 


MNL model with parameter q can be equally derived from a representative agent model with 
V(x) = r]^2™ =1 Xi \ogXi. Or equivalently, we can write 


q mnl (p) = arg max < fi 1 x — r] ^ Xi log x t 


X £ A„_! 


Hofbauer and SandholmJ (2002j) further extend the result to general random utility models. They 


show that for any random utility model with continuously distributed random utility, there exists 
a representative agent model that gives the same choice probability. The precise statement of their 
result is as follows: 

PROPOSITION 1. Let q(pt) : TZ n e->- A„_! be the choice probability function defined in (©) where 
the random vector e admits a strictly positive density on TZ n and the function q(fj.) is continuously 
differentiable. Then there exists V(-) such that: 


q(fj.) = arg max ^fx T x — V(x) aj£A„_!|. 











They also show that the reverse statement of Proposition Q] is not true: 
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PROPOSITION 2 (Proposition 2.2 in Hofbauer and Sandholm 1200 21. When n> 4, there 
does not exist a random utility model that is equivalent to the representative agent model with 
V{x) = ~ ELi 

Based on the above two propositions, we know that the representative agent model strictly 
subsumes the random utility model as a special case. 

2.3. Semi-Parametric Choice Model 

Recen tly, a new class of semi-parametric choice model (SCM) was proposed by 


Nataraian et al 


J 2 OO 9 ). Unlike the random utility model where a certain distribution of the random utility e is 
specified, in the semi-parametric choice model, one considers a set of distributions 0 for e. Given 
the deterministic utility vector p, one defines the maximum expected utility function w s {pL) as 
follows: 


w s (n) = sup 
ffee 


max ^ + €i 
. iCAf 


(5) 


Note that in the random utility model, the maximum expected utility function can be defined in a 
similar way, but only with a single distribution 9. Thus the semi-parametric choice model can be 
viewed as an extension of the random utility model. Let 0*(/z) denote the extreme distribution (or a 
limit of a sequence of distributions) that attains the optimal solution in Q. The choice probability 
for alternative i under this model is given by (provided it is well-defined): 

( 6 ) 


ql(n) = P<>*(u) i = argmax (/r fc + e k ) 

\ k£Lj\f 

Several special cases of senri-parametric choice models have been stud ied recent ly. On e su ch 


model, called the marginal distribution model (MDM), is proposed by 


Na ta raian et al. 


(2009!) 


In the MDM, the distribution set O contains a 
distributions. The following proposition proved in 


the distributions that have certain marginal 


Natara ian et ah ( 20091) shows that the marginal 


distribution model can be equivalently represented by a representative agent model: 

Proposition 3. Suppose 0 = {0|ej ~ T)(-), Vi} where Fi(-)s are given continuous distributions. 
Then we have: 


w s (v) = max J fi T x + Y^ j F t l (t)dt 
y i =1 di-xi 


x £ A„_ 


n—1 


( 7 ) 


Furthermore, the choice probabilities q s (n) can be obtained as the optimal solution x* in &■ 
























Another semi-parametric model is the marginal moment model (MMM), in which only the first 
and second moments of the marginal distributions are known and 0 comprises all distributions 


that are consistent with the marginal moments. INataraian et al.1 (1200911 show that the MMM can 
also be represented as a representative agent model (without loss of generality, we assume that the 
marginal mean of e, ; is 0 for all i): 


PROPOSITION 4. Suppose the marginal variance of e* is for all i. Then we have 
w s (n) = max < fi 7 x + OjXj (1 — xf) x £ A n _i 


( 8 ) 


Furthermore, the choice probabilities q s {pd) can be obtained as the optimal solution x* in 


In order to incorporate covariance information, 


Mishra et al. 


(2012) further propose a complete 


moment model (CMM), in which 0 is the set of distributions with known first and second moments 
£ (covariance matrix). It is shown in 


Ahi pasaog l u et al 


(1201311 that the CMM model can also 


be written as a representative agent model (again without loss of generality, we assume the first 
moments are 0): 


Proposition 5. Assume £ >- 0. Then we have: 


w s (fi) = max | fi T x + trace ^£ 1 ^ 2 5(a;)£ 1/,2 ^ 


1/2 


x £ A„_ 


n -1 ( j 


(9) 


where S(x) = Diag(x) — xx T and trace(X) is the trace of the matrix X. Furthermore, the choice 
probabilities q s {fx) can be obtained as the optimal solution x* in 0). 

Thus, all semi-parametric models studied so far can be represented as representative agent 
models. In the next section, we will show that this is generally the case. Moreover, we show that 
in fact, the set of representative agent models is equivalent to that of senri-parametric models. 

Before we end this section, we comment that there are other types of choice models in the 
literature in addition to those mentioned above, such as the Markov chain-based choice model 
(see 


Blanchet et al. 


20131) . the two-stage choice model (see 


Jagabathula and Rusmevichientong 


2013j), the generalized attraction model (see iGalleg o et_ah] [2014) and the non-parametric model 


(see 


Farias et al. 


20131 ). However, they are based on different ideas and are less related to our study. 


Therefore, we choose not to include a detailed review of those models in this paper. 
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3. Welfare-Based Choice Model 

In this section, we propose a new framework for discrete choice models and show that it provides 
a way to unify the various choice models reviewed in Section [2j To introduce our new model, we 
first notice that although various choice models reviewed in Section [2] are based on different ideas, 
they are all essentially functions from a vector of utilities gtoa vector of choice probabilities q(fJ-). 
Moreover, each of these models allows a welfare function ?u(/i) that captures the expected utility 
that an individual can get from the choice model, and the choice probability vector can be viewed 
as the gradient of w(fj,) with respect to fi. Our proposed model is based on these observations. In 
particular, we first construct a class of welfare functions by defining what properties such functions 
should satisfy. Then we discuss the relation between our model and the previous ones. We start by 
making the following definition: 

Definition 1 (Choice Welfare Function). Let w(n) be a mapping from 1Z n to K. We call 
w(fi) a choice welfare function if w(fi) satisfies the following properties: 

1. (Monotonicity): For any fi 1 , /x 2 £ lZ n and > // 2 , w(f u x ) > w(fj, 2 )\ 

2. (Translation Invariance): For any /i. € 7 Z n , t€ TZ, w(n + te) = w(fi) +1; 

3. (Convexity): For any /i 2 € 7 Z" and 0 < A < 1, A w(n 1 ) + (1 — A )w(/j, 2 ) > w(\fi 1 + (1 — A)/i 2 ). 

In addition to the three properties, if w(fi) is also differentiable, then we call w((jl) a differentiable 
choice welfare function. 

Here we make a few comments on the three conditions in Definition!]] The monotonicity condition 
is straightforward. It requires that the welfare is higher if all alternatives have higher deterministic 
utilities. The translation invariance property requires that if the deterministic utilities of all alter¬ 
natives increase by a certain amount t, then the choice welfare function will increase by the same 
amount. This is reasonable given that choice is about relative preferences, therefore, increasing the 
utilities of all alternatives by the same amount will not change the relative preferences but will 
only increase the welfare by the amount of the increment. Later, we will see that this condition is 
necessary to guarantee well-defined choice probabilities. The last condition of convexity basically 
states that the welfare is higher when there is an alternative with high utility rather than several 
mediocre alternatives. This is again plausible in reality and as we will see later, all previously 
reviewed choice models satisfy this condition. 

In the following, we show that a choice welfare function has two equivalent representations: 
a convex optimization representation and a semi-parametric representation. This result will be 
instrumental for us to derive the relations among choice models. 

Theorem 1. The following statements are equivalent: 
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1 w(fj,) is a choice welfare function; 

2 There exists a convex function V{x) : A n _ 1 such that 

w(n) = max{ y T x — V(x)\ x € A n _!} ; (10) 

3 There exists a distribution set 0 such that 


w(y) = sup 
e»ee 


max 
. ieM 


hi + e i 


( 11 ) 


Proof. First we show that the w(y) defined in (flU and (fill) are choice welfare functions. To see 
this, we note that the monotonicity and translation invariance properties are immediate from (fTOl) 
and (EI). For the convexity, we note that te(/x) defined in (HOD is the supremum of linear functions 
of /i thus is convex in /x. In (Hill , for each e, max ie _/v {hi + £i} is a convex function in /x, and so 
is the expectation. Therefore, if w(y) is defined by (fTOl) or (fill) , then it must be a choice welfare 
function. 

Next we show the other direction. That is, if ic(/x) is a choice welfare function, then it can be 
represented in the form of (1101) and dill) . First we note that if a choice welfare function w(y) = oo 
for some /x, then by the translation invariance property and the monotonicity property, it must be 
that w(fi) = oo for any /x. In that case, we can choose V(x) = — oo and 0 = {0oo} where Ooo is a 
singleton distribution taking value on (oo, ...,oo). Therefore, u>(/x) can be represented by (fTTH) and 
fllll) in that case. Similarly, if u>(/x) = — oo for some /x, then it must be that tc(/x) = — oo for all /x, 
and we can take V(x) = oo and 0 = where 6L^ is a singleton distribution on (—oo,..., —oo). 

Therefore, xc(/x) can be represented in (fTOl) and (fill) in this case too. 

In the remainder of the proo f, we foc us on the case where tc(/x) is finite for all /x. In this case, 


Bertsekasl (120031 1. xc(/x) must be continuous. The remaining proof is divided 


by Proposition 1.4.6 of 
into two parts: 

1. We show that any choice welfare function w(fi) can be represented by (flOl) . Since tc(/x) is 
monotone and translation invariant, the following holds: 


w(h) = min \ w(y) + max {/x^ — yi]\= min < w(y) + max (/x — y) T x > . 
y 1 i J y [ a:eA n _i J 

Here the first equality holds since for any y, w(y) = xe(/x — max, {/a — Vi} e) + max, {/Xi — y t } 

by the translation invariance property. Furthermore, by the monotonicity property, w(y — 
rnaxj {//j — yt}e ) < w(y) and the equality holds when y = /x. 

Next we define L(x,y) = w(y) + (/x — y) T x. We have for fixed x, L(x,-) is convex in y 
(by the convexity of xc(-)); and for fixed y , L(-,r/) is convex and closed in x. Furthermore, 
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infy max 3;eAn _ 1 L(x, y ) = w(y) < oo and the function p(u) = infy max a v An _ 1 {L(x, y ) — w T a:} = 
w(y — u) is continuous. Therefore, by Proposition 2.6.2 of lBertsekas 00030 . the minimax equality 
holds, i.e., 


inf max L(x,y)= max inf L(x,y). 
y X£A n _i A n _i y 


Therefore, we have: 

w(y) = max < y T x + inf \w(y) — y T x\ > = max {y T x — V(x)} 
xeA n _! [ y J xeA n _ 1 

where V(x) = sup^{y T a; — w(y)} is a convex function. 

2. Next we show that any choice welfare function can be represented by m Since w(/i) 
is convex, there exists a subgradient for any y. We denote the subgradient vector by d(y) = 
(d 1 (y),... ,d n (y)) T . Here it is possible that the choice of d(y) is not unique, in that case, we can 
choose an arbitrary one. Furthermore, by taking the derivative with respect to t in the transl ation 
invariance equation, and by applying the chain rule (see Proposition 4.2.5 of Bertsekasi[20031 ). we 


have for any subgradient d(y), it must hold that e T d(y) = 1. Similarly, by the monotonicity prop¬ 
erty of w(y), we must have d(y) > 0. By the definition of subgradient and the convexity of w(y), 
we must have: 


win) > (y — z) T d(z) + w(z), \/z£lZ n , 

where the equality holds when z = y. Define l(z) = w(z) — z T d(z). By reorganizing terms, we have 

w(y) = swp{y T d(z) + l(z)}. (12) 

z 

Now we define the distribution set as follows: Let 0 = {6z \z € TZ n }, where 9 Z is an n-point 
distribution with 


P e z (e = e l z ) =di(z), fori=l,...,n 


where 


:U) 


l(z ) if j = i 
—oo if j ^ i. 


That is, e l z is a vector of all —oo’s except l(z) at the ith entry. Therefore, for any z, we have 


n 

Eg z [m&yL {yi + Ei}} = ^2 l d i {z)(y i + l(z)) = y T d(z) + l(z). 
2=1 
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Then by (fT2|) . we have 

u>(/x) = sup {^i T d{z)+ l(z)} = sup E 0z [max + e*}] = sup E 9 [max {fi l + e l }\. 
z z 1 see 1 

Therefore, the theorem is proved. □ 

Note that the above discussion focuses on the equivalent representations of the choice welfare 

function. In the following we establish its implication to discrete choice models. In this paper, we 

refer to discrete choice models as the entire set of functions q(fx) : TZ n i-a A„_i, mapping a utility 

vector to a choice probability vector. We first propose the following choice model based on the 

choice welfare function: 

Definition 2 (Welfare-based Choice Model). Suppose w(fi) is a differentiable choice 
welfare function. Then the welfare-based choice model derived from w(fi) is defined by 

q(/j,) = Vw{n). (13) 


Note that when w(-) is differentiable, we have Vu>(/l) £ A„_! by the translation invariance 
property of u>(/x). Therefore q(/l) defined by (11311 is indeed a valid choice model. Next we show the 
equiv alence of various choice models. We first introduce the following definitions (see 


Rockafellar 


19741 : 


Definition 3 (Proper Function). A function f : X i-a 77 is proper if f{x) < oo for at least 
one x £ X and f(x) > —oo for all x £ X. 

Definition 4 (Essentially Strictly Convex Function). A proper convex function / on 
77” is essentially strictly convex if / is strictly convex on every convex subset of 


dom(3/) = {x\df(x) ± 4>} ■ 


where df(x) is the set of subgradients of / at x, and cj) is the empty set. 

Note that any strictly convex function is essentially strictly convex. Next we have the following 
theorem, whose proof is relegated to the Appendix: 


Theorem 2. For a choice model q : 1Z n i— >- A n _ 1; the following statements are equivalent: 

1. There exists a differentiable choice welfare function such that q(n) = Xw(fx); 

2. There exists an essentially strictly convex function V{x) such that 


q{fji) = argrnax j fi T x — V{x) x £ A n _! j ; 


3. There exists a distribution set 0 such that 


(sup E e 

Uee 


max Ui + e 
. i&M 



<?(r) = 
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The next corollary follows immediately from Theorem [2] and Propositions Q] and [2j 

Corollary 1. Let g(/j) be a random utility model with absolutely continuous distribution 9 and 
w((jl) be the corresponding expected utility an individual can get under this model. Then w((jl) is a 
differentiable choice welfare function, and q(fJt) = Vw(/i). Moreover, the reverse statement is not 
true, i.e., there exists a differentiable choice welfare function w(fi) such that there is no random 
utility model that gives the choice probability q(/x) = Vw(fi). 

The significance of Theorems Q] and [5] is mainly twofold. First, we propose a new framework for 
discrete choice model, the welfare-based choice model, which is based on the desired functional 
properties of the expected utility function. With the help of the new framework, we establish 
the connection between two existing choice models, the representative agent model and the semi- 
parametric model. In particular, we show that those two classes of choice models are equivalent. 
This result explains the prior results that for every known semi-parametric model, there is a 
corresponding representative agent model. In addition, it asserts that the reverse is also true, which 
is quite surprising in some sense. Therefore, in terms of the scope of choice models that can be 
captured, those three models (the welfare-based choice model, the representative agent model and 
the semi-parametric model) are the same. We believe this result is useful for the theoretical study 
of discrete choice models. 

Second, by establishing the equivalence of the three classes of choice models, we can allow 
more versatile ways to construct a choice model. In particular, we can pick any of the three 
representations to start with. For the welfare-based choice model, one needs to choose a choice 
welfare function w(fi) which satisfies the three conditions. For the representative agent model, one 
needs to choose a (strictly) convex regularization function. And for the semi-parametric model, 
one needs to choose a set of distributions. In different situations, it might be easier to use one 
representation than the other in order to capture certain properties of the choice model. In addition, 
by Corollary [H the welfare-based choice model strictly subsumes the random utility model, thus it 
is possible to construct new choice models that have certain interesting properties that a random 
utility model could not accommodate. We will further study this issue in Sections 0] and [5l 

The next theorem studies one desirable property of choice models and investigates how it can 
be reflected to the construction of the three choice models. We start with the following definition: 

Definition 5 (superlinear choice welfare function) . A differentiable choice welfare 
function w(fi) is called superlinear if there exist b tl i = 1, ...,n, such that for any /i £ lZ n : 


w(ix)>Hi + bi, V i = l,..., n. 



14 


This property is desirable in most applications. It requires that the utility one can get from a set 
of alternatives is not much less than the utility of each alternative. After all, for each alternative 
i , one can always choose it and obtain the corresponding utility. We have the following theorem: 

Theorem 3. For a choice model q : lZ n 1-0 A n _ 1; the following statements are equivalent: 

1. There exists a superlinear differentiable choice welfare function w(fi) such that q{fj.) = Vrc(/x); 

2. There exists an essentially strictly convex function V(x) that is upper bounded on A n _i such 
that 


q(/x) = argmax j/x 7 x — V{x) x 6 A„_i j; 


3. There exists a distribution set 0 containing only distributions with finite expectation (i.e., 
E e |ej| < oo for all i and 9 G Q) such that 


q(/x) = Vu < sup E 0 

flee 


max m 
,i67V 


Moreover, if either of the above cases holds, then q{ph) can span the whole simplex, i.e., for all x 
in the interior of A n _ 1; there exists /x such that q(fT) = x. 

We present the proof of Theorem [3] in the Appendix. We can see that Theorem [3] further devel¬ 
ops the equivalence of choice models obtained in Theorem [2] by narrowing down the discussion to 
welfare-based choice models with the desirable superlinear property. In particular, we find that a 
superlinear differentiable choice welfare function has a semi-parametric representation, of which 
the distribution set contains at least one bounded distribution. The distribution set containing 
bounded distribution is also desirable due to its potential practic al ap pl ication . T he last statemen t 


that g(u) spans the w 


role s imple x is related t o the results in iHofbauer and Sandholml (l2002h . 


Norets and Takahashi 

(2013 

) and 

Mishra et al. 

(2014) 


1 20141 ). These papers provide conditions under 


which q{n) defined from the RUM or the MDM can span the whole simplex. Theorem [3] extends 
these results to more general conditions. 


4. Relation to the Random Utility Model 

In the last section, we proposed a new framework for choice models: the welfare-based choice model. 
In particular, by Corollary[T] the class of welfare-based choice models strictly subsumes the random 
utility model. In this section, we investigate further the relation between the welfare-based choice 
model and the random utility model. In particular, we study under what conditions a welfare-based 
choice model can be equivalently represented by a random utility model. This study will help us 
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understand clearly the relations between various choice models and the random utility model and 
design new choice models that do not necessarily have a random utility representation. 

First, we show that when there are only two alternatives, the class of random utility models is 
equivalent to the class of welfare-based choice models. 

Theorem 4. For any differentiable choice welfare function tc(/r 1 ,/i 2 ), there exists a distribution 
9 of {e i,e 2 } such that: 


w{n u nf) =E 0 [max{// 1 + e 1 ,/j , 2 + e 2 }]. 


(14) 


In addition, if u>(mi, /r 2 ) is superlinear, then there exists a distribution 9 with finite expectation 
(i.e., Eg|ei| < oo and Ee|e 2 | <oo) that satisfies IZl- 

Proof. Define v(x) =w(x, 0). Since w(-) is differentiable, by the chain rule, we have 

,, . dw . 

»W = ^(x,°). 

Since is convex and satisfies the translation invariance property, we have v'(x) € [0,1] 

and is increasing. We define a distribution 9 of {ei,e 2 } as follows: 

{^i, e 2 } = {^o — max{£, 0}, v 0 — max{-(, 0}}, 

where v 0 = u(0) = w( 0, 0) and £ is a random variable with c.d.f. F^(x) = P(£ < x) = v'(x). Note Ff) 
is a well-deh ned c. d.f. since w(-) is convex and differentiable, thus v'(x) must be continuous and 


increasing ( IRockafellar 


1974). 


Now we compute E fl [max{/i-i +ei,^ 2 + £ 2 }]- We have 

E e [max{/i! + ei,/x 2 + e 2 }] = Mi + v 0 + E fl [max{-max{£, 0}, fi 2 - Mi — xnax{—0}}] 

= Mi + v a + E e [max{0,M2 - Mi + £} - max{£,0}], 

where the last step can be verified by considering £ > 0 and £ < 0, respectively. 

Now we compute the last term. For x > 0, we have (let I(-) be the indicator function): 

E e [max{0,x + £} — max{0,^}] = adP(£ > 0) + E e [(x + £) • I (—x < £ < 0)] 

= a4P(£ > 0) + f (x + £)dv'(£) 

J —X 

= X (i - 1/(0))+(s+ oao i-x - f 

J —x 

= X — V 0 + v(—x). 
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Similarly, for x < 0, we have 


E e [max{0,x + £} — max{0,£}] = xP(£ > —x) + E 0 [—£ • 1(0 < £ < —x)\ 

= xP(£ > — x) - f £dv'(£) 

Jo 

= ®(1 - v\-x)) - £«'(£) lo * + [ v'(f)df 

Jo 

= x — v 0 + v(—x). 


Therefore, E^max^ + ei,M 2 + £ 2 }] = Mi + ^o + (M 2 - Mi) “ + «(Mi - M 2 ) = w(Mi>M 2 )- 

To prove the last statement, it suffices to show that both E e [max{0, £}] and E e [max{0, — £}] are 
finite if w(fi) is superlinear. If w(-) is superlinear, then we have v(t) — t = w(0,—t) is decreasing 
in t and lower bounded, thus L 1 s= lim t _ >+00 (i;(t) — t) exists and is finite. Similarly, v(t) =w(t, 0) is 
increasing in t and lower bounded, thus L 2 = lim t _ > ._ 0O v(t) exists and is finite. Therefore, we have: 

P+00 p+00 

E e [max{0,£}] = / P e{£>t)dt= j (1 - v'(t))dt = (t - v(t)) |+'°° = v(0) - L 1: 

Jo Jo 


and 


p + OO 


M + OO 


E 0 [max{O, -£}] = 


?e (—£ >t) dt= / v'(—t)dt = 
Jo 


v'(t)dt = v (0) — L 2 . 


Thus, the theorem is proved. □ 

By Proposition O when n > 4, the welfare-based choice model strictly subsumes the random 
utility model. In fact, as we will see in some examples later (Examples [2] and [3] in Section [SJ), this is 
also true for n = 3. In light of this relation between these two classes of choice models, it would be 
interesting to know the exact difference between them. In other words, it would be interesting to 
know what property is restricted in the random utility model but not in the welfare-based choice 
model. In the following, we p inpoint this difference. The following result is a direct consequence of 


the result in 


McFadden (119 801) : 


Proposition 6. Let w(fi) : TZ n 7Z be a differentiable function. Then Vu>(/i) is consistent 
with a random utility model if and only if w(-) satisfies the monotonicity, translation invariance, 
convexity properties, and for any k> 1 and i\, ...,ik all distinct, 

(-1) % <0. 

(J 5 •• • 1 OfJ'ik 

By Proposition [6] and the above discussions, we point out that the difference between a random 
utility model and a welfare-based choice model (thus also the representative agent model and the 
semi-parametric model by Theorem [2]) lies in the requirement on the higher-order derivatives of 
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w(-). In particular, a random utility model requires that the higher-order cross-partial derivatives 
of w(-) have alternating signs, while in the welfare-based choice model, it only requires that the 
Hessian matrix of w(-) be positive semidehnite, and there is no requirement on other higher-order 
derivatives. This difference will enable us to better understand the difference between those models 
and later construct choice models with new properties. 

We next consider an important subclass of the random utility model: the gener alized extreme 


value (GEV) model. The GEV model was first proposed by 


McFadden et al. 


(I1978T) . It is a special 


case of the random utility model in which the random part of the utility eiS take a joint generalized 
extreme value distribution. The GEV model covers various popular models, including the MNL 
model , the nested logit model, etc. An equivalent definition of the GEV model is given as follows 


(McFadden 


198011 : 


Definition 6 (GEV model). A choice model q(y) is a GEV model if and only if there exists 
a function H(y) : 77” ^ 77 such that 


q(y) = T?V M logi7(e p 


(15) 


where H(y) satisfies the following properties: 

1. H(y)> 0 for all y € 77” . 

2. H(y) is homogeneous of degree 1/rj, i.e., H(ay) = a 1 ^ 71 H(y). 

3. H(y) —> oo as —> oo for any j. 

4. The fcth-order cross-partial derivatives of H(y) exist for all 1 < k < n, and for all distinct 

^1 5 ••*5 'I'k 1 


(- 1 ) 


* d k H{y) 


< 0 . 


dy n ...dy lk 

Under appropriate specifications of H(-), various known choice models can be obtai ned from the 


200flL 


GEV model. We list the MNL model and the nested logit model as examples ([Tr ain ' 

• MNL model. If one chooses H(y) = y \^, then the corresponding choice model is the 

MNL model with choice probabilities: 

exp (Hi/y) 




E exp (y k /r))' 
fee M 


• Nested Logit model. Suppose the n alternatives are partitioned into K nests labeled B 1 , 

If one chooses H(y) = Y^f=i > then the corresponding choice model is the nested 

logit model with choice probabilities: 

exp(/Xj/A fc )(Ej e s fc ex P(/b7E)) Afc_1 


9«(M) = 


E^(E 7 




exp(nj/\i 
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Since the welfare-based choice model strictly subsumes the random utility model, we know 
that the GEV model can be equivalently represented by welfare-based choice models. By q(/i) = 
V= T]\/^ log H(e ^ 1 ,... ,6^™), it is implied that a GEV model derived from a specific H(-) is 
equivalent to a welfare-based choice model with welfare function w(fj-) = rj\ogH{e n ,... , e Mn ) and 
such w(-) must satisfy the properties in Proposition [6j 

Conversely, for any w(fi) being a differentiable choice welfare function, we can define a function 
H(y) = exp(w(logyi,... ,\ogy n )/ iq) . The following discussions point out what properties such an 
H(-) would satisfy: 

1. By definition, H(z ) > 0 for all z. 

2. Since w(-) is translation invariant, we have that H(az) = a 1 ^ ri H(z), i.e., H(z) is homogeneous 
of degree l/y. 

3. Since w(-) is monotone, we have 

g^x) = ,ex P (ft)g. (1) W VieM 
d/M H(z) 

where z = (e M1 ,..., e^") and (■) is the partial derivative of H with respect to i. Therefore, 
all first-order partial derivatives of H(z ) are non-negative. 

4. Last, in order for w(-) to be convex, we need the Hessian matrix of w(-) defined as follows to 
be positive semidefinite: 

d 2 w(fi) ??exp (fii + iij) (H(z)-H^\z)-H i i 1 \z)-H^ 1) (z)^ 


dfj-idyj 


H 2 ( z ) 


and 


d 2 w{y) 


E 


d 2 w{n) 
d/Jidnj' 


where z = (e M1 ,... ,e Mn ), H^ is the partial derivative of H(-) with respect to i, and is the 
second-order partial derivative of H(-) with respect to i and j. 

It is worth pointing out that the last condition holds if all second-order cross-partial derivatives 
of H are negative, but the reverse is not necessarily true (the equivalent condition involves all 
the zero-, first- and second-order derivatives of H). Therefore, the GEY model requires an even 
stronger condition that the higher-order derivatives of exp(u;(logyi,..., logy n )/rj) have alternating 
signs, while in the welfare-based choice model, we only need the first-order derivative to be positive 
and some condition that is weaker than requiring all the cross second-order derivatives be negative. 


5. Substitutability and Complementarity of Choices 

In the previous section, we have seen that the distinction between the welfare-based choice model 
and the random utility model lies in the property of the higher-order derivatives of the choice 
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welfare function. In particular, the random utility model has stronger requirements on the higher- 
order derivatives. In this section, we will discuss more in depth about the practical meaning of such 
properties. We introduce two concepts, which we call the substitutability and complementarity of 
choices and then discuss the practical relevance of these two concepts. We show that if a choice 
model is derived from a random utility model, then the alternatives can only exhibit substitutability. 
However, using our welfare-based framework, we can design choice models that have more flexible 
substitutability or complementarity patterns. We also show how this property can be reflected 
through the regularization function in a representative agent model. Before we formally define 
these two concepts, we first introduce the definition of local monotonicity: 

Definition 7 (local monotonicity). A function f(x) : 77i-a 77 is locally increasing at x if 
there exists 8 > 0 such that 


f(x — h)< f(x) < f(x + h), VO <h<8. 


Similarly, f(x) is locally decreasing at x if there exists <5 > 0 such that 


fix — h)> f{x ) > fix + h), V 0 < h < 8. 


Now we introduce the definition of substitutability and complementarity in choice models: 

Definition 8. Consider a choice model q{n) : 77” i-a A n _i. For any fixed /i, and i,j £ A f: 

1. (Substitutability) If Qj(p) is locally decreasing in //., at fi, then we say alternative i is substi¬ 
tutable to alternative j at fi. Furthermore, if <l-j{n) is locally decreasing in /q for all /i, then we 
say alternative i is substitutable to alternative j; 

2. (Complementarity) If (/i) is locally increasing in /j, ; at /x, then we say alternative i is comple¬ 
mentary to alternative j at /j,. Furthermore, if t) is locally increasing in /j, ; for all /j, then 
we say alternative i is complementary to alternative j. 

3. (Substitutable Choice Model) For all i f j, if alternative i is substitutable to alternative j, then 
we say q(fJb) is a substitutable choice model. 

The definition of subst ituta bili ty an d complementarity of two alternatives is similar to that of 


two consumer goods (see 


Mankiw 


19971) . However, in Definition [8l the independent variable is not 


the price, and the dependent variable is choice probability rather than demand. We first investigate 
some basic properties of substitutability and complementarity. 

PROPOSITION 7. Consider a choice model q(/x) : 77" i— > A„_! that is derived from a differentiable 
choice welfare function w{fx). For any i, alternative i must be complementary to itself. Furthermore, 
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if w(fj,) is second-order continuously differentiable and alternative i is substitutable (complemen¬ 
tary, resp.) to alternative j at \i, then alternative j must be substitutable (complementary, resp.) 
to alternative i at pi. 

The proof of Proposition [7] uses some basic properties of continuous and convex function and is 
delegated to the Appendix. The proposition shows that when w{pf) is second-order continuously dif¬ 
ferentiable, the substitutability (complementarity, resp.) property is a reciprocal property. In these 
cases, we shall say i and j are substitutable (complementary, resp.) in the following discussions. 

In the following, we investigate the substitutability and complementarity of choice models. First 
we show that random utility models are all substitutable: 

Theorem 5. Any random utility model q(ff) is a substitutable choice model. 

Theorem [5] directly follows from Proposition [6l It states that in a random utility model, if the 
utility of one alternative increases while the utilities of all other alternatives stay the same, then it 
must be that the choice probabilities of all other alternatives decrease. This is certainly plausible 
in practice, especially if /x is intepreted as how much a consumer values each product. However, as 
we show in the following example, sometimes it might be desirable to allow different alternatives 
to exhibit certain degrees of complementarity. This is especially true if we allow more versatile 
meanings of the utility fi. 

Example 1. Suppose a customer is considering to buy a camera from the following three alter¬ 
natives: a Canon-A model, a Canon-B model and a Sony-C model. On a certain website, there are 
customer reviews that rate each model, which we denote by V\, v 2 and v 3 , respectively. We assume 
that the customer’s choice is solely based on those review scores (suppose other factors are fixed). 
That is, the choice probability q is a function of v = (vi,v 2 ,v 3 ). Suppose at a certain time, a new 
review for the Canon-A model comes in, rating it favorably. How would it change the purchase 
probability of the Canon-B model? 

The answer to the above questions may depend. There might be two forces. On one hand, due to 
a new favorable rating given to the Canon brand, the probability of choosing the Canon-B model 
might increase. On the other hand, the favorable rating for the Canon-A model might switch some 
customers from the Canon-B model to the Canon-A model. Either force might be dominant in 
practice. If the former force is stronger, then it is plausible that one additional favorable rating for 
the Canon-A model might increase the choice probability of the Canon-B model. □ 

The above example illustrates that sometimes it might be desirable to have a choice model 
in which a certain pair of alternatives exhibit complementarity. One may notice that the above 
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example may be reminiscent of the nested logit model, in which the customers first choose a nest (in 
this case, the brand), and then choose a particular product. When increasing the utility of another 
product in the same nest, the tradeoff is between the probability of choosing the nest (which will 
be higher) and the individual product (which will be lower). However, we note that the nested logit 
model is essentially a random utility model (with the randomness e chosen to be an extreme value 
distribution). Therefore, it is impossible to capture complementarity between alternatives through 
a nested logit model. Next, we show that we can capture the substitutability/complementarity of 
alternatives through our welfare-based framework. 

In the following discussion, we only consider choice models q(/i) that are derived from differen¬ 
tiable choice welfare functions w(fj,). We study necessary and sufficient conditions on the model 
parameters for a choice model to be substitutable. We first review the concepts of supermodularity 
and submodularity: 

Definition 9 (Supermodularity and Submodularity). A function f :1Z n { 00 } is 

called supermodular if for any x,y £ 1Z n , f(x V y) + f(x A y) > f(x) + f(y), where * V y and 
x Ay denote the componentwise maximum and minimum of x and y, respectively. A function 
/ : TV' i-A 1Z U {— 00 } is called submodular if —/ is supermodular. 

We have the following theorem: 


Theorem 6. Consider a choice model q(/x) : lZ n A n _ 1 that is derived from a differentiable 
choice welfare function w(fj,). Then 

1. q(fJb) is a substitutable choice model if and only if w{/T) is submodular. 

2. If q(ff) is a substitutable choice model, then there exists an essentially strictly convex Vf) with 
Vif) supermodular on TV 1-1 for all i, such that 


q(fj,) = argmax 



V(x) 


x £ A„_ 



where 


Vi(z) = 


) = { V ( Z l’ Z 2>-> Z i -*»>■■•> 2n-l) 


+OO, 


Furthermore, the reverse is true ifn = 3. 


if e T z < 1 and z > 0, 
otherwise. 


(16) 


We present the proof of Theorem [6] in the Appendix. Theorem [6] provides some sufficient and 
necessary conditions for q(fj.) to be substitutable. We note that the supermodularity of V) has 
nothing to do with the supermodularity of V. In fact, since V(x) is only meaningful on A„_i, it can 
always be modified to be supermodular by defining V(x) = +00 for all x A n _i. The definition of 
Vi(-) reduces a redundant variable in V, making the operations “s V j/” and u xAy” meaningful. 
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Next we provide an easy-to-check sufficient condition for a substitutable choice model. We note 
that in the MDM and the MMM introduced in Propositions [3] and 01 the corresponding P(-)s are 
separable. The following theorem shows that the choice models derived from such P(-)s are always 
substitutable: 

Theorem 7. IfV(x) = on A n _i where Vi{xf) : [0,1] i-A 7 Z n is a strictly convex func¬ 

tion for all i £j\f. Then q{pt) defined by 

q{n) = argma x{fi T x — V(x)\x £ A„_i} , (17) 

is a substitutable choice model. 

Another possible choice of V(-) is a quadratic function. In that case, we have the following 
results: 

Theorem 8. Consider q{ff) = argmax{/i r * — V(x)\x <E A n _!} , where V(x) = x 1 Ax is 
strictly convex with Ay 0. Then Vi(z ) for all i £Af are supermodular if and only if Aj k — A ik — 
Aij + An > 0 for all distinct i,j,k £Af, where A ,y is the ( i,j)-th entry of A. 

Combining Theorems [ 6 ] and [ 8 l we know that when n = 3 and V(x) = x T Ax with Ay 0, the 
choice model defined by q{pi) = argma x[pi T x — V{x)\x £ A n _!} is substitutable if and only if 

A 12 + A 33 > A \3 + A 2 3 , A 13 + A 2 2 > A 12 + A 2 3 and A 23 + An > A 12 + A 13 . 

Note that the above condition is different from A being positive semidefinite. Indeed, the following 
example shows a case where the choice model is not substitutable even if V(x) is strictly convex 
and supermodular: 

Example 2. Consider q(fx) = argmax{/i T a: — V(x)\x £ A,,^} , where V(x) = x T Ax with 

/ 3 2 0\ 

A=l 2 3 2 ^0. 

\0 2 3/ 

It is easy to see that V(x) is strictly convex and supermodular. However, it doesn’t satisfy that 
A 13 + A 22 > A 12 + A 23 . By some further calculations, we obtain that 

V 2 (z) = z t ^ 1 -^ z -[-2--2\ t z + $, 

which is not supermodular. 

Therefore q{pL) is not a substitutable choice model by Theorem[ 6 l In fact, when we fix fi 2 = /r 3 = 0 
and plot the choice probabilities against fj, 1 in the range of values [— 2 , 2 ] as shown in Figure [TJ it 
is observed that q 3 increases in fXi in the range of [—1.5,—1], i.e., alternative 3 is complementary 
to alternative 1 in that interval. □ 
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Figure 1 Choice Probabilities in Example [2] with /i 2 = H 3 = 0 


In addition to the quadratic example above, we can also easily generate a non-substitutable 
choice model through a proper choice welfare function w(-): 

Example 3. Consider the following function: 

w(fi) = log (e w + e M2 + e M3 + e °-5(w+M)) . 


It is easy to see that w(fi) is monotone, translation invariant and convex, therefore it is a choice 
welfare function. Also, it is differentiable. The corresponding choice probability is: 


?(/*) = 


1 


gMl _|_ gM2 -|- gA»3 -f- e 0.5(/ii+A»2) 


^ e 0.5(Ali+/J 2 ) gM2 _|_ ^Lg0.5(Ml+M2) gM3 


Furthermore, the second-order derivative of w(fi) with respect to fj, 1 and // 2 is 

d 2 w(n) dq 1 (n) dq 2 {n) gO-50n+^2)(_gM _ e w 2 _|_g/A3 _ 4 e 0 . 5 Oi+/i 2 )) 

dfiid^ 2 d/i 2 dni 4( e w+gw+ e^3-|-gO-5(w+M2))2 

It is positive if and only if e M3 > 4 e °- 5 Mi+o.5M2 -|_ e Mi 4 .g^ 2 _ Therefore, under this choice model, when 
/i 3 is large enough (compared to /ri and fi 2 ), then alternatives 1 and 2 will exhibit complementarity. 
On the other hand, if //j or fj, 2 (or both) are comparable to /j, 3 , then they will exhibit substitutability. 
Now we give a plausible explanation for this model. Suppose as in Example 1, we explain /x as 
the number of positive reviews for each product. Then the above substitutability pattern could 
be reasonable if alternatives 1 and 2 are both from some relatively unknown brand (which has 
very few positive reviews in the history), while alternative 3 is from a well-known brand (which in 
contrast, has a lot of positive reviews). Then a few more positive reviews on either alternative 1 or 
2 will be likely to positively impact the purchase probability of the other one, since it increases the 
overall attractiveness of this brand. On the other hand, if alternatives 1 and 2 have already gained 
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enough positive reviews in the past, then further increasing the number of positive reviews of one 
of them will be more likely to attract the demand from the other one, rather than from alternative 
3. 

To numerically illustrate the above model, we fix /r 2 = 0, // 3 = 3 and plot the choice probability 
of alternative 2 as a function of fix in the range of [—10,5] in Figure [2j From Figured we can see 
that alternative 2 is complementary to alternative 1 when fi 1 G [—10,2], 





Figure 2 $ asa Function of /u in Example [3] 


The above two examples show that by using the welfare-based framework, it is possible to con¬ 
struct choice models with more versatile substitution patterns. In addition, the above two examples 
further verify that even when n = 3, we can construct choice models that do not have a random util¬ 
ity representation (remember all random utility models are substitutable choice models). Therefore, 
the welfare-based choice model (thus also the representative agent model and the semi-parametric 
models) strictly subsumes the random utility model, even for n = 3. This result is an extension of 


the result obtained by 


H ofbauer and Sandh olml (120021 1. which only showed the result for n > 4. 


6. Constructing New Choice Models from Existing Ones 

In this section, we show that by using the welfare-based choice model framework, one can easily 
construct new choice models from existing ones. In particular, we provide three transformations 
below by which new choice models can be derived from existing ones. In the following discussions, 
we use q(-) to denote existing welfare-based choice models with choice welfare function w(-), and 
use q(-) and w(-) to denote the choice probability and the choice welfare function of the new model, 
respectively. 
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1. Scaling. Given any existing choice welfare function u>(-) and any rj > 0, one can easily verify 
that w(fi) = r/w(n/r)) is still a choice welfare function. The corresponding choice model is 
qr(/i) = q(n/r]). We note that if q(-) has an RUM representation, then q(-) also has an RUM 
representation with e = 7/e. As 7/ becomes larger, the diffe rence among u/jj is s maller and the 
choice will be more evenly distributed. As pointed out in Gig erenze r and Selten (120021 ). such 7/ 
can be used to model the level of rationality of the individual. 

2. Mixing. Let B k , k = 1, ..., m be a cover of JV, i.e., U k B k = J\f. Let w k (n k ) be the choice welfare 
function on alternatives in B k , with choice probabilities q k (n k ). Define 


w (v) = J2 XkWk (t 1 k)i 

k=l 

where X k > 0, XH-Li A* = 1. We can verify that w(n) is a choice welfare function and its corre¬ 
sponding choice model is 


<LO)= A *9?(A* fc ), ViGW. 

k:i£B k 

If q k (-) has an RUM representation for all k , then q(-) also has an RUM representation by 
assuming e has a mixed distribution of e k , each with probability \ k . This model can be used to 
model choice scenarios where there are different segments of customers. Customers of different 
segments may only care about a subset of the products and choose according to a certain choice 
model. Then the mixed model is the choice model for the entire population. 

3. Crossing. Let A be an m x n matrix with > 0 and Ae n = e m , where e £ refers to an i- 
dimensional column vector of ones. Given an existing choice welfare function w(-) and its choice 
probabilities q(-), we can easily verify that 


7i>(/x) = w(Afj,) 


is still a choice welfare function and the corresponding welfare-based choice model is 

qO) = Vfj,w(fj,) = A t \7w{A^i) = A 1 q(Afj.). 


An example of such a transformation was in fact shown in Example [3l where w(fj,) is an MNL 
model for 4 alternatives with 7/ = 1 and 

'10 0 ' 

0 1 0 
0 0 1 
0.5 0.5 0 

In light of this example, we note that RUM is not closed under cross-transformation, i.e., even 


A = 


if q(-) has an RUM representation, q(fj.) may not. Thus, the cross-transformation provides us 
a way of generating new choice models. 
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7. Conclusion 

In this paper, we proposed a new framework for discrete choice models: the welfare-based choice 
model, which is based on the idea of considering the expected utility an individual can get when 
facing a set of alternatives. We showed that the welfare-based choice model is equivalent to the rep¬ 
resentative agent model and the semi-parametric model, thus establishing the equivalence between 
the latter two. We also showed that the welfare-based choice model subsumes the random utility 
model by relaxing its requirement on properties of higher-order cross-partial derivatives of the 
choice welfare function. In particular, we showed that when there are only two alternatives, the 
welfare-based choice model is equivalent to the random utility model. We defined a new concept for 
choice models - substitutability and complementarity - and showed that under the new framework, 
we can construct choice models with complementary alternatives, thus enabling us to capture new 
choice patterns. We believe that this framework is useful for future studies of choice models. 
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Appendix 

Proof of Theorem [2} The equivalence between 1 and 3 directly follows from Theorem 1. Next 
we show that 1 => 2. If w(fi) is a differentiable choice welfare function, by Theorem [Q we know 
that 

w(fi) = ma x{y T x — V{x)\x G A n _!} , 


where Vjx) =_sup 
6.3 in Rockafellar 


y \y T x — w(y )}. Therefore, V(x) is the convex conjugate of By Theorem 


1)19741) . we know that w(fi) is essentially dif ferentiable if and only if V(x) is 


essentially strictly convex. Also, from the envelope theorem (see 


Mas-Colell et al 


1995), 


Vw(/i) = V M (n T x-V(x)) \ x=x ,=x*, 

where x* = a,rgmax{n T x — V(x)\x £ A n _i} . Therefore, 

q(fjL) = S7w(fi) = argrna x{fi T x — V{x)\x G A n _!} . 

Last, we show that 2 =>- 1. Given an essentially strictly convex P(x), by Theorem [TJ we know 
that 

w(fi) =ma x{fi T x — V{x)\x G A„_!} 


is a choice welfare function. Again, by Theorem 6.3 in [Rockafellaii (Il974f l. we know that w(fi) is 


essentially differentiable. Moreover, in our case, w(fi) is a convex and finitely valued function in 1Z TI , 
thus essentially differentiability is equivalent to differentiability. Again, by applying the envelope 
theorem, q([i) = Vrc(/i). Therefore the theorem is proved. □ 


Proof of Theorem [3j First we show the equivalence between 1 and 2. Based on Theorem [2j 
it suffices to prove that w(ijl) is superlinear if and only if V(x) defined by ma x y {y T x — w(y)} is 
upper bounded. If w(fi) is superlinear, we have, for any x G A n _ 1 , 

w(fi) > 7 Xi{ni + hi) = x 1 y, + x T b > x T n + min-jA}. 

^ J i 

i&M 

By reorganizing terms, we have 


x T (i — w(fi) < — min{6,} = max{—6j}. 

i i 

Therefore, V ( x ) = ma xy {y r x — w{y)} < max, {— 6 ^}, i.e., V(x) is upper bounded. 

To show the other direction, if V(x) is upper bounded by a constant u, then we have 

w(fj.) > ma x{fi T x — u |* G A n _!} > — u. Vi, 
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i.e., u>(/x) is superlinear. Therefore, the equivalence between 1 and 2 is proved. 

Next we show the equivalence between 1 and 3. We first show that for any superlinear differen¬ 
tiable choice welfare function iu(/x), we can find a distribution set 0 consisting of only distributions 
with finite expectation such that can be represented as xc(/x) = sup 0ge Eg [max i6A/ ' /q + e*]. 

First, since w(fi) is convex with q(/x) = Vw(g), we have 


w(fi) = sup {/x T q(z) + l(z)}, (18) 

z 

where l(z ) = w(z) — z T q(z). Now we define a distribution set 0 that is slightly different from that of 
Theorem[0 Specifically, let 0 = {6 z \z € TV 1 }, where 9 Z is an n-point distribution with ¥g z (e = e l z ) = 
qi(z), Vi G A f. (Note that by the monotonicity and the translation invariance properties, q(z) = 
Vw(z) must satisfy q{z) > 0 and e T q{z) = 1.) Here, 


:ti) 


l(z) if j = i 

l(z) — M(z) if j 7 ^ i. 


where 


with 


M(z) = max < 1 + max {z t — Zj }, 




l(z) -miiq {bj} 
t*(z) 


t*(z) =min{g i (z)|g i (z) > 0 }. 


(19) 


( 20 ) 


Since M(z) > Zi — Zj , for all i,j , we have i = argmax^ {zj + e z (j)}. Therefore, 


n 

Eq z [max Zj + ej] = qi(z)(zi + l(z)) = z T q(z) + l(z) = w(z). 

3 Z —' 

i-1 


Next we show that: 


E @z [max fii + e*] < iu(/x), V/x. 

i 

For any given /x, define k(i) = argmax^j^- + e z (j)} (we break ties arbitrarily). There are two cases: 
1. For all i such that qi(z) > 0, k{i) = i. In this case, we have 


Ee z [max {/Xj + e*}] = V qi(z)(tM + K z )) = /J- T q(z) + K z ) < *"(**)> 

3 z ' 

ieAT 

in which the last inequality is because of the convexity of w(-). 

2. There exists some i such that qi(z) > 0, but k(i) ^ i. In this case, from the construction of 9 Z , 


Ee z [max Hj + e j \= Y] qi(z)(nk(i) + l(z) - M(z) I {fc(i) ^ i} ) 

j LJ 

ieM,qi{z)>0 


we have 
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< max{/j, : } + l(z) — t*(z)M(z) 

< max{/ii} + minj&j} 

* i 

< max {Hi +bi} 

< w(n), 

where the first inequality follows from the fact that M(z) > 0 and ^( z )^ta(>0>o,fc(j)VO — 

t*(z), the second inequality is because of the definition of M(z) and the last inequality follows 
from the definition of superlinear function. 

Based on the analysis of these two cases, we have 


E e ~e z [nmx ^ + e*] <w{fi), V/x. 

Then by equation fflHl) we have 


w(n) = sup {^ T q(z) + l(z)} = sup E ez [max /a, + e., ; ] = sup E e [max /ij + Cj]. 
z z * fie© * 

Therefore, we have proved that statement 1 implies statement 3. 

Finally, we prove that statement 3 implies statement 1. Suppose there exists a distribution 0 G 0 

such that E^|e, : | < +oo for Vi € Af, then for /x G lZ n we have 


sup E e max ^ + e, 
ee© 1 ieU 


— 


max Hi + 6i 
. i&M 


— [Mj + e il 


Mi + [ € j] > 


Vj. 


Therefore we can conclude that w(fi) = sup ege E e [maXj 6A f ^ + e,] is superlinear. 
It remains to prove the last statement. We show that for any 


x G A°_j = {x \e T x = 1 ,Xi> 0 ,Vi G Af}, 
there exists fj, x such that q{n x ) = Vw{n x ) = x. Fix x G A°_j, we consider 


V(x) = max {fi T x — w(fj,)}. (21) 

Clearly, V(x) > —w(0), since /a = 0 is a feasible solution. Moreover, since w(fi) is translation 
invariant, we can restrict the feasible region of (12TT) to C = {[i\e T [i = 0}. For all fi G C. we have 
fij < 0 for some j G AT. Thus 

fi T x < y <y Xi maxj^} < (1 — minja;,}) max{/i fc }. 

•A — J -A J k i k 

i¥j *¥] 

However, by superlinearity of w(n), we have: 


w{fi) > max{/i t + b k }> max{/i fe } + min{6 fe }. 
k k k 
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Thus, for all /x G C, we have: 

/x T x — w(fi) < — min{a;,}max{/x fc } — min{6 fe }. 

1 k k 

Let K = M, (°) 7 m * n fcl b k} _ j n orc i er for zx to be optimal to (1211) . by the above arguments, we would have 
fo < K for all i. Thus we can further restrict the feasible set of (12T1) to {/x|e T /x = 0, fo < K Vi G A/"}, 
which is a compact set. Since u>(/x) is continuous, there exists y x G {/x|e T /x = 0 ,fo < A' Vi G A/"} 
that attains maximum in problem f|2Tl) . By the first-order necessary condition, S/w(fi x ) = x. This 
concludes the proof. □ 


Proof of Proposition [3 Since u>(/x) is convex and differentiable, for any /x € lZ n and any t > 0, 
we have 

w(n + tei) - w(y) > teJVw(n) = tq z (y,), 

w(n) - w(y, + tei ) > -tefVw(y + tei) = -tq^y. + tei). 

From these two inequalities, we have q^y + tef) ~ q,(y) >0, for all t > 0 and y. Thus, alternative 
i is complementary to itself. 


Furthermore, if w(y) is second-order continuously differentiable, then we have 


dqj _ d 2 w _ 


dvjd/ii d^i 


= gA. Thus, if alternative i is substitutable (complementary, resp.) to alternative j at y, 


then alternative j is substitutable (complementary, resp.) to alternative i at y. 


□ 


Proof of Theorem [6} In this proof, we use the following lemma from Murota (120031) . 

Lemma 1. Let f : lZ n i-A 1ZU {oo} be a function such that there exists at least one y such that 
f(y) < oo. Let g(x) = max^ {y 1 x — f(y)} be the convex conjugate of f. We have 

1. If f is submodular, then g is supermodular. 

2. If n = 2 and f is supermodular, then g is submodular. 


Simchi-Levi et al. 


Now we use this lemma to prove the theorem. To prove the first part, by 
( 20141 ). a differentiable function w(y) is submodular in /x if and only if is decreasing in /x^ 

for all i ^ j. By the definition of q(/x) = Vu>(/x), the result holds. 

For the second part, let V(x) = max^ {y T x — w(y)} be the convex conjugate of w(y). From 
Theorem [2J V(x) is essentially strictly convex and 


q(y) = argmax|/x T a; — V(x) x € A n _^ 


For any y e IZ n 1 and i G M, define f,(y) = w(y 1 , y 2 ,..., y % _ x , 0, y u ..., y„_i). Also define /x_* = 
(/xi,...,/xi_i,/x i+1 ,...,/x„), then we have 


Vi(z ) = max {/xAz + fo( 1 - e T z ) - w{y)} 
n 
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= max {/rTz + /Xj(l — e T z) — w(y)} 

m. «=o 

= max {2/ T z-/*(*/)}, 
y 


where the second equality is due to the translation invariance property of w(y). The submodularity 
of w(y) implies the submodularity of f t (y) for all i gW. Thus Vj(z), as the convex conjugate of 
fi(y), is supermodular by Lemma [U 

For the last statement, since V(-) is an essentially strictly convex function, q(y) = 
argmax ^y T x — V{x) x G A„_!| is well-defined. By Theorem [2j q{y) = S7w(y) where 
(y) = sup{/i T a; —y(*)|a; G For any y G 7£" _1 and i G J\f, define f,(y ) = 


w 


w(yi,y2,-,y i -i,0,y i ,-,y n - 1 )- Also define x_ x = {x x ,...,Xi-x,x i+u ...,x n ), then we have 


My) = max {x T i y + 0(l-e T x_ l )-V{x)} 

= max { x T t y - V t (*_*)} 

A n _i 

= max {y T x_i - V; (*_*)} 

= max {y T z-Vi{z)\ , 

where the third equality holds since Fj(cc_j) = +oo for all x ^ A„_!. From Lemma [lj given that 
n = 3 and thus yG TZ 2 , fi{y) is submodular. It remains to show that w{y) is also submodular. 
According to Theorem[6l it suffices to show that q x (y) is locally decreasing with for all j ^ i for all 
y. Fix i,j and let k ^ i,j. We assume i > j without loss of generality. We have q t {y — y k e) = qi{y) 
from translation invariance property. But q^y — y k e) = ^ is non-decreasing with y 3 

due to the submodularity of f k . Thus w(y) is submodular and q(y) = Vw(y) is a substitutable 
choice model. □ 


Proof of Theorem [3 We first consider the case where Vj(xj) is differentiable for all i G M. Let 


A (y) be the Lagrangian multiplier of the constraint x, = 1. The KKT conditions (see 


2003) for problem (1171) can be written as: 


Bertsekas 


Vi~M(qi(y))-\(y)<0, Vi gAA; 

Mi - ~ KM = 0; Vi s.t. q t (y) ± 0; 

qi(y)> 0, Vi G A/"; 

E,; e jv?i(/*) = 1 - 


Now we consider any two points y 0 and y Q + f where is a unit vector along the i-th coordinate 
axis and t > 0. Suppose that there exists a j ^ i such that qj(y 0 + tei ) > qj(y 0 ). Since Vj is strictly 
convex, Vj(qj(y 0 + tei)) > V'(qj(y 0 )). There are two possible cases for qj(y 0 ): 
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• qj(fi 0 ) > 0: In this case, we have — V- (q 3 (p 0 + ie*)) — A(/x 0 + ie*) = 0 and ^ — V-{q 3 (ii 0 )) — 
A(/x 0 ) = 0, therefore, we have A(/x 0 -hie*) < A(/x 0 ). 

• gj (/x 0 ) = 0: In this case, g 3 — V! (q 3 (/x 0 )) — A(/x 0 ) < 0, which implies that g 3 — I/'(/x 0 + ie*)) — 
•M/h)) < 0. But /Xj - V'(qj(/j, 0 + tei)) - A(/z 0 -Me*) = 0, we have A(/x 0 -Me*) < A(/x 0 ). 

In both cases, A(/x 0 + iej < A(/x 0 ). This implies that g.,(/x 0 + iej > qj(fi 0 ) for all j / i. Note 
that we also have (/j(/x 0 + ie*) > (ji(p Q ) by Proposition [0 Therefore, we have Sjejv+ ^ e *) > 
YljejfQji^o) = 1; which contradicts with that q(/x 0 + ie*) G A„_i. Thus we have q 3 (p Q + ie*) < 

q 3 (p 0 ) for all j ^ i. Since this is true for all /x 0 and t > 0, q is substitutable. 

If Vi(xi) is not differentiable, we need to replace the derivative with the subgradient in the above 
argument. Since V. is strictly convex, g ± > g 2 for all g 1 G dV^Xi) and g 2 G dVi{x 2 ) if aq > x 2 , the 
above argument is still valid. □ 

Proof of Theorem [8} For i G Af, V t is an n — 1 variate quadratic function. Let H 1 denote 
the Hessian matrix of Vi(z). For j, k G {1,2,..., n — 1} and j / k, the off-diagonal element H‘ k = 
A lk ~ Ark - A,] + A,u where 

j , if j <h , r = f k, if k < i, 

\ j + 1, if j > i\ \ k + 1, if k > i. 

Thus, Vi(z) is supermodular if and only if H l - k > 0 for all j, /c G {1,2,..., n — 1} and j ^ k, which is 

equivalent to A^ k — A ijk — A i3 + A iti > 0 for all distinct i,j, k G Af. □ 



